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THE DEGREE OF APPROXIMATION BY CHEBYSHEVIAN SPLINES
BY

R. DEVORE(!) AND F. RICHARDS

ABSTRACT. This paper studies the connections between the smoothness
of a function and its degree of approximation by Chebyshevian splines. This
is accomplished by proving companion direct and inverse theorems which give
a characterization of smoothness in terms of degree of approximation. A deter-

mination of the saturation properties is included.

1. Introduction. The purpose of this paper is to study the relation between
the smoothness of a function and its degree of approximation by Chebyshevian
splines. Many such results are known, especially, for algebraic polynomial
splines with equally spaced knots. The most common type of result is one which
gives an estimate for the degree of approximation by a method of spline approxima-
tion in terms of the smoothness of the function. This type of estimate is custom-
arily called a direct theorem of approximation. Our main interest lies in the op-
posite direction. Namely, when a certain rate of approximation is known, what
can be said about the smoothness of the function being approximated? We settle
this this problem for Chebyshevian splines, with the knots satisfying a certain
mixing condition.

Let wp, -+, 04, _, be k times continuously differentiable functions on lo, 1]
(uz. eclk )[0, 1]) which form an extended complete Chebyshev (E.C.T.) system on
[0, 1]. We refer the reader to either of the books S. Karlin and W. J. Studden [5]
or S. Karlin [4] for the definition and fundamental properties of E.C.T. systems.

We assume that the u; are the canonical basis represented by

uo(x) = wo(x)

u,y(x) = wo(x)f:wl(fl)dfl
1.1)

. g £ £ _
up_q(¥)= wO(x)fowl(gl)fole(fz) e fok zwk—l(gk—l)dgk—l cedEy,
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402 R. DEVORE AND F. RICHARDS

where the functions w; are strictly positive on [0, 1] and w, € c* -0, 11. I
we let U, _, denote the span of {”0’ crey uk_lf, then U, | is the null space
of the differential operator

1.2) L=D, ,---Dy where D(f)=(f/w)".

-1
A function § is said to be a Chebyshevian spline if there are points 0 = x

<xy <eve<x <x_ =1, such that on each interval [x, ., x.), i=1,.-+,m,
m-1 m i~1 i
S isin U, _,. The points x, are called the knots of the spline. We make no re-
striction on the continuity of S at the knots.
If 6§=1{0= xg<xp<eee<x o <x = 1}, let &8) denote the collection of
Chebyshevian splines whose knots are contained in 0. Define the error in ap-

proximating / by &) as

(1.3) Es(f)= inf lIf =S|
SESS)

where |-|| denotes ~he supremum norm on [0, 1].

Now, suppose (8 ) is a sequence of sets of knots & =10 = xg)") < x(l") <
n n
oo < x(m) <x(n):,1§. We let
my -1 my,

(1.4) 6, = max ]xi") ~x)

X i—10"
I<i<m
n

In order to guarantee that E5 (/) — 0 for each [ € C[0, 1], we assume that
" n n
18,1 — 0 (— o)

For an integer r > 0, let /.S: denote the rth order difference operator with
step size t,

r e .
(1.5) A ) = CTIP Y 1)’<j)/(x + o).
j=0
The corresponding rth order modulus of smoothness of [ is given by
1.6) w(f, b) = sup [AT(f, 0| [0, 1 - re].
O<t<h

The notation |-} [, ] is used to indicate that the norm is taken over la, b],
and is thus the supremum on [a, b]. When [a, b] is omitted, the norm is under-
stood to be on [0, 1].

It is relatively easy to establish the estimate that if 0 < a <k and wk(/, b)
=0(h*) (h —0)

(1.7) Es (V=005 | (n— ).
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We do this in §4, where in fact we show that the estimate in (1.7) can actually

be obtained by using splines S € S(Sn) with § € c*=2)0, 1. Our method of
proof is a straightforward extension of the techniques given by V. Popov and B.
Sendov [8], who gave similar estimates for algebraic polynomial splines.

What is of primary interest to us is in what sense are the estimates of (1.7)
the best possible? More precisely we ask the following two questions: When
does (1.7) imply that wk(/, h) = 0(h%M); i.e., does the inverse theorem to (1.7)
hold? Secondly, is it possible to improve (1.7) if we assume higher smoothness
for f?

It is not possible to answer these questions without some additional restric-
tions on the sets of knots. The simplest way to see this is when a fixed point,
say %, appears in each set 5n. Then, any Chebyshevian spline S which has a
single knot at 7 will have Egn(S) =0, n=1,2,+++, while of course S need
not even be continuous. More generally, the same phenomenon manifests itself
when a fixed point falls only in small intervals (in comparison to H8n||). In order
to avoid this, we will require that the sequence of sets (57) satisfies the fol-

lowing mixing condition.
(1.8) There is a constant p > 0, with the property that whenever n > 0 and
’ 1
1<i<m -1, then there is an n' >n such that xf" )< xﬁ") < x](.'il) with

1
min (|x ("7~ %), 120D ) > ps |

It is easy to see that (1.8) guarantees that the following holds.

(1.9) There is a constant p > 0, with the property that wbenever n> 0 and
xelo01- p“5 |1, there is an n' >n such that x(” )< x < x(" ) with |x = ,(‘:lq)l
> pid,il-

It is important to point out that the mixing condition puts a restriction on how
fast (||5n||) can tend to 0, since, for each 7», there must exist an n' > n with
o A > plld, || We can put this in the following form for later use.

Under condition (1.8), we have for each n
(1.10) sup 16,11 > plId, II-

vzn+l
With the added restriction (1.8), we are able to establish in §3, that if
(/) = O(|8 [%) (n— o), then w (/ h) = 0(h*) (h — 0). This answers our
fu'st question. With regard to the second question, we show in $3 that if Eg (/)
= O(HS Hk), then [ € U, _|. This is the saturation phenomenon, i.e., the estl-
mates of (1.7) cannot be improved by assuming higher smoothness for f. Our

results show that Chebyshevian splines are saturated with order (H(Snnk) and

saturation class {f: w,(f, h) = O0(h*)} (see G. Lorentz [6] for a discussion of the
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concept of saturation). Since our inverse and saturation theorems are proved with
no continuity restrictions at the knots, they apply to any spline approximation
method provided the mixing condition on the knots holds.

The most important case covered by our results is for algebraic polynomial
splines; ul.(x) =x%, i=0,+++, k-1, The saturation and inverse theorems for
algebraic polynomial splines with equally spaced knots (i.e., § = (i/n)7_)) were
first shown by K. Scherer [10]. Saturation theorems, in this case, were given in-
dependently by D. Gaier [3] (for “0’’) and F. Richards [9] (see also G. Butler
and F. Richards [1] for saturation in Lp spaces). We should also point out that
Scherer’s results apply only to smooth splines (i.e. S € C*~2)) while in [3] and [9] no
smoothness condition at the knots is needed.

The techniques developed here, besides having more general applications,
are also simpler than those developed in [9], [10], when we restrict our attention
to algebraic polynomial splines. In §5, we give a finer description of the satura-
tion class for approximation by algebraic polynomial splines with equally spaced
knots by establishing an asymptotic formula of Voronovskaja type.

Our main tool is divided differences. To handle the general case of Cheby-
shevian splines, we need to develop some properties of generalized divided dif-
ferences, which is done in §2. The reader interested only in algebraic polynomial
splines can skip $2 and proceed directly to §3, in which case the generalized
divided difference f(x, «++, x + kt) is to be interpreted as

[y ooy x4 k) = tRAR(S, x)/k1

2. Generalized divided differences. We will need to use the concept of gen-
eralized divided differences (see Karlin [4, p. 521]). Let u, be defined by

. ¢ £
@D w0 =we) [rw @) f Fuy) o [ T u ), - g,

where wk(x) =1 on [0, 1]. Then Lu, =1 on (0, 1] and {”0’ e, uk} is also an
E.C.T. system.

If 0<xy<x;<...<x, <1 and [ €Cl0, 1], then the generalized divided
difference of f at x, -++, x, is defined by

xo “ e xk—l xk xO xk
(2-2) /(x09x19"’,xk)=u U
uo uk—l / uo uk
where
xo o« xk
2. _ k
(2.3) U = det (gi(xj))i, j=0°

go DY gk
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As long as the points x are distinct, the denominator in (2.2) does not vanish.
It is clear that if f € sp(uo, cee, ”k—l)’ then f(xo, e, xk) =0 forany 0<x,
<eee< x, <1.

Let ¢,_, denote the fundamental spline

¢k_](x; [): O, X<t,

x 3
2.4) = wol) [Tu € [ TuE)

3
o (&) dEy, w2

The B-spline M(z; Xgr oo ,‘xk) for the knots 0 <xj <x; <...< x, < 1 is de-
fined as the generalized divided difference of ¢k-1("; t) with respect to the first

variable. Notationally,

2.5) M(t; Xgo ottt s xk)= ¢k-l(x0’ Cee Xy t).

The B-spline M(t; Xgr vt xk) has the following fundamental properties:

M(z; Xgyore s xk) is nonnegative on [0, 1]
(2.6)
and vanishes outside [Xo, xk]‘
1
2.7 fom(g; xgy e %) dE = 1.

As in the case of ordinary divided differences, we have the Peano formula
1
(2.8) gy ey %) = fo LIEME; xg, -+, x,)dE

whenever /(k"” is absolutely continuous and Lf € LI[O, 1]. On this point,
there is a misprint on p. 523 of Karlin [4], where it is stated that (2.8) holds but
with the adjoint operator L* in place of L. The identity (2.8) is easily estab-

lished for functions [ with /(k"l)

absolutely continuous and Lf continuous.
The general case is handled by taking a sequence of functions (/n) in C*)o, 1]
which converge uniformly to f and Lf —L{ in L,[0, 1].

When [ € C[0, 1], we define the generalized modulus of continuity w*(f, b)
by
(2.9) w*(f, b) = sup t*||f (e, x + £, -+, x + &2)||[0, 1 = kel

O<t<h

Our main objective in this section is to show how w*(f, ») can be characterized

in terms of ordinary smoothness as described by wk(/, h). We first establish an

identity between generalized divided differences and ordinary divided differences.
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Let Alx, t) denote the determinant in the denominator of (2.2) for x, = x + it,
i=0,+--, k. For the numerator in the expression (2.2) for f(x, «++, x + kt), we
add (- l)j(f) times the jth column to the Oth column for j=1, 2, -:-, k. Note,
we have indexed the columns and rows from 0 to k. In this way, the determinant
remains the same but the Oth column now has (- l)kﬁf(ui, x) as its entry in the
ithrow, 0<i<k-1, and (-~ l)kAf(/, x) for its entry in the kth row. In a simi-
lar way, we can modify the suceeding columns to find

X oo x4+ (=1t x4kt
2.10) v = det (- D*TAR (g, x4 i)Y
o orou,_, f

where g, =u;, i = 0,+«+,k~-1 and 8 = f- Note that A?(g, x) is understood to
be glx).
Now, we expand the right-hand side of (2.10) about the last row to find

k

QA1) [l x4ty x k)= (A NTVY AT, x4+ r0A (x5 1)
r=0

with

(2.12) A (x; 1) = det (- DFTAR TG, x4 RSN,

The determinant A(x; t) can be written in a similar way to (2.12), namely
(2.13) Alx; 1) = det (- DFIAR T uy, x4 )5 .

Our first lemma determines the behavior of Alx; ) and Ar(x; t) as t — 0. De-
note by W(qSl, ceny, ¢r) the Wronskian of @, -+, ¢ .

Lemma l. Let p=1+2+ .-+ k. Then

(2.14) D Lim £ #AGes ) = Wy, -+, 1)) > B >0
t—0

uniformly in 0 <x <1, Also for each r=0,1, «++, %

k—1,k

(2.15) lim t #*=7A (x5 1) = (« 1% 7 der (057 (x))
t—-0 r t i=0,7=0, jr

uniformly in 0< x <1,

Remark. In particular, (- 1¥**1im, o t=#*8A4 (x; 1) = Wlag, + - uy _ Xx)
> B > 0 uniformly in 0 <x <1.

Proof. Suppose 0<r <k and consider Ar(x; t) which is given by (2.12).
We have from (2.12) that
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-1,k

@.16) A (1) = dee (0 DETIARTI Gy, x4 o)k )T
i=0,;7=0, j#r

where we have divided each column by t*77 to compensate for the factor Pl

Since u; € Ck[O 1], for each i, j there is a point f € (x, x + kt) for which

Ak— ’(u x + jt)/tk~ ’—u(k ])(f ) Therefore, as t —-'0 this quantity converges
; j q y 3

to u(’e ’)(x) uni formly for 0<x < 1. This shows (2.15), where we have factored

out the terms (- 1)*77,

In the same way, we see that
(= D*1lim ™ A(x; ¢) = det (u(.lk"_’.)(x)){e L= W(uo, ce, uk)(x).
t—0 ! i, j=0

It is shown in Karlin [4, p. 278] that W(ug, +++, u,)x) = (w ox))E +1(wl(x))k‘ coe
(wk_l(x))z and Wi, ooy, )x) = (wo (Ve ()e-T e (w, _,&)). Clearly

both these quantities are positive on [0, 1].
Lemma 2. There is a constant C > 0 such that for each f € C[0, 1], t > 0,
xg € [0, 1 - kt], we bave tk|/(x0, RERE TS kt)| < CH/H[xO, xg + kt].

Proof. It follows from Lemma 1 that there is a constant C, > 0 such that,
for each 7= 0,1, +++, &k, [t¥77(4G; 714 (v; [0, 1] < C, 0<1 <1, where
the norm is taken with respect to the variable x and the constant C, can be
chosen independent of 7 and ¢. Using this in (2.11), we find

k
tk|/(x0, Xgtt,oee,xg+ k)] <C Y t’|Af"(/’, xg + )| < Cllf lxg, % + ki
r=0

for some constant C, > 0. Here, we have used the fact that |A:(/, x o+ )| <
2’||/||[x0, xo + kt).

Lemma 3. If 0<a <k and { € C[0, 1], then
(2.17) o*({f, )= 0t (t —0)
if and only if
(2.18) w,(f, )=0% (1 —0).

Proof. First suppose that (2.18) holds. Then, using (2.11) together with
Lemma 1, we find that

A (x; z)l
Alx; t) |

k
WG, x vty x+ kD0, 1 - k] <3 @, (f, 1)
(2.19) =0

k
SCy Y toy (D)

r=0
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with C; > 0 an absolute constant. From our assumption (2.18), it follows (see
Timan [11, p. 107)) that as ¢ — 0.

o, v>a,
(2.20) o, (f, t)=<0¢%n1t), v=a,
o(t”), v<a,

Using (2.20) in (2.19), we find for 0 < a < k that

I x vty x4 kD), 1= ki)
=o< > e Y tMary X zk) =0(t%) (t—0)
k—r>a k—r=q k—r<a

as desired. When & =k, then, because of (2.20),

k
RN, x4 2y, x4 k|0, 1 - kt] = O<wk(/, N+ ,Ie> ~ 0%
r=1
as desired.
For the other direction, we again use (2.11) and find
k A (x; t)
A(x' Z) kb r ’
: O, o vv X + kt) =~ ARTT(f, x + rt) ..
A lx; t)/ 2 AT Aylx; 1)

r=1

Af(/, x) =

Therefore from Lemma 1

k
(2.21) o/, < C4tkl|/(x, s sx+ R0, 1 k) + 3 e, (f, 1)

r=1
Now, suppose that w*(f, t) = 0(t%), so that t*||f(x, «++ ,.x + k)||[0, 1 - k¢] = O(:%).
We want to show that @, (f, t) = 0(t®). This is clear when @ <1, because the
first term on the right-hand side of (2.21)is O(:*) by assumption and the second sum is
0(t) because each term in the sum has a factor ', r > 1. Suppose we have estab-
lished the result for all a </, [ an integer 1 < I<k-1. If I<a<l+1, afk
and @*(f, t) = 0t"), then by our induction hypothesis wk(f, 1) = 0(t)). Therefore,
using (2.20) in (2.21), we find

w,(f, t)=0<ta+ ) IS S AL ') N ) tk)

k—r>l k—r=1 k—r<l
=00+t ptkln t 4+ B = 0t (1 —0).

When o =k, we have to use the additional information we have just obtained.
For example, now we know wk(/, 1) = 0(ck="), Using this in (2.21), together
with (2.20), we find ©,(f, t) = Otk + Zk_ t*=7 . ¢7) = O(F).

3. Saturation and inverse theorems. Our main result is the following inverse

theorem for approximation by Chebyshevian splines.
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Theorem 1. Let (3n) be a sequence of sets of knots with |8 | — 0 and
(Bn) satisfying the mixing condition (1.8). If 0<a <k and f € Cl0, 1] with

3.1 Es (D<MIB II%, n=1,2,...,
then cok(/, 1) =0:% ¢t — 0.

Proof. Because of Lemma 3, it is enough to show that
(3.2) *(f, ) = 0(t*)  (t—0).
We will show first that (3.2) is valid for any ¢ of the form
(3.3) E=ty =k 1p”5xn B
6.4 I8, I = sup 18,1,
n v

where (3.4) is used to define the sequence ()\ ). Let ¢ be of the form (3 3)and
o be any pomt in [0, 1 - kt]. Then because of (1.9), we can find an »' > )\

for which x(" ) <x, <x(" ) and Ix(n )—xol > P"Sx Il

From our assumption (3 1), it follows that there is a spline S . in §(5 )
for which ||f - Sl <2m8, /|%. Then because of (3 3),if 0<bh 5 t, the points
Xg, X + by e+ 5 xy + kb all lie in the interval [x(" ) x](':ll)) and, since §_, is in

U,_, on [x(” ) (" )) fCeg xg+byeeeyxy+ kb) = (f S Mg xo+hy e, x + kD).
From Lemma 2 and (3.3), we see that
WX, 1) = sup B*|[Geg, g+ by oo xg 4 BB < CIf = S, llxg, % + £B]

0sp=y
(3'5) a a —-1,\a 1 a
<2CM||5, .| * <2CM5, ||* = 2CM(kp™1D)* = C't
n

with C' a constant independent of ¢. This establishes (3.2) for ¢ = Ly .
n

Now, it follows from our remark (1.10) that

(3.6) NN N7 N PP

Hence, given any ¢ > 0, ¢, " <t<t, for some n and w*(f, 1) < 0*(f, )<
n n n

c' zx < Cp~ “z,‘fn S Cp~%t*. This is (3.2) and the proof is complete.
'In §4, we will establish the direct theorem that w (/, t) = 0(t?) implies
Esn(f) =o(|s | %). This gives the following corollary to Theorem 1.

Corollary 1. Le: (3”) be a sequence of sets of knots satisfying the mixing
condition (1.8). If 0<a <k and [ € Cl0, 1] then

(3.7) Es ()=0(15_|*) (n— )

if and only if w,(f, 1) = 0(:*) (¢ — 0).
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e )

The following theorem is a *‘0’’ saturation theorem which shows that the

estimate (3.7) cannot be improved by assuming higher smoothness for the function f.

Theorem 2. Let (5)) be a sequence of sets of knots satisfying the mixing
condition (1.8). 1f { € Clo0, 1] and

(3.8) Es (1) =05 [I¥) (2 — )

then [ €U, _,.

Proof. From the representation (2.4), it follows that there is a constant C >
0 such that

(3.9) lpp_ 10 O cC* 1l |E - x| <k
Using this in Lemma 2, we find that

(3.10) ME %, - eeyx+ k)] = |y (v x4 ks €] < ct—!

for all x and &£. Here, we have used the fact that M vanishes for £ outside
[x, x + &t], and hence we needed only to estimate for | — x| < k¢ which is done
by (3.9).

Now, suppose [ satisfies (3.8). From Theorem 1, we have that wk(f, t) =
0(¢*%) and hence /(k'l) is absolutely continuous and /(k) € L .. This gives that
Lf € L  and therefore

e, x+2, .- ,x+kt)=fx+ktL/(§)M(§; X, X+, -, x+ kt)dE.

x

Let x be any Lebesgue point of L/, i.e., b'lfxo)'blL/(xo +1) = Lflx)|dt —0
xQ
(h — 0). Thus, using (3.10), (2.6) and (2.7), we find

I/(xo, T kt) - L/(xo)l

xq+kt
GAD =T LIE) - LI M xg, xg by x4 kE

0

xn+k
SCt'lf o t!L/(f)—L/(xo)Idf—-»O (t — 0).
*0

Now, we can argue the same as in Theorem 1 to show that (3.8) implies that
/Gy o ooy x + RO||L0, 1 — k2] — 0 (¢t — 0). Using this with (3.11) shows that
8
L{(x,) = 0 at each Lebesgue point x, and hence Lf =0, a.e. Since ®k-1) s
0 gue p 0
absolutely continuous, [ € U, _,.

4. A direct theorem. In this section, we will establish a direct theorem

which is a companion to Theorem 1. However, for the direct results we do not
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need the mixing condition (1.8). Also, we will be able to establish our upper
estimates with splines of continuity class ct.=2)o, 1.

We introduce the auxiliary E.C.T. systems for v =10, «++,,k - 1:

uy V(x) = wy(x)
uy ) = w () [T, (€))dE,

(4.1)
3
uk—l—y,y(x)= wv(x)f:wvﬂ(fl)fo lwy+2(§2)
’ f(fk_V’Zwk-l(gle—v_l)dfk—v—1 S dEy

Note that for v = 0, we get our usual system. Also,
(4.2) RN ) BN ) MR OF 2

We define the new space of spline functions S, Bn) to be the collection of

all functions S for which

on each interval [x(") 5.")), i=1,...,m
(4.3) n

S is in splu

9
0,v Y1 vt o Mgy, V)’
and

(4.4) Sec*=v-2qo, 1].

In particular, for v = k — 1, there is no continuity assumption on the splines.

We begin with the following reduction lemma.

Lemma 4. Suppose (Sn) is a sequence of sets of knots and 1 <v<k-1.
Given [ € Cl0O, 1], suppose €, >0and S € S, 8 ) satisfy

I

(4.5) ”/—Sn,V“_an, n=1,2

Then, for any F satisfying D, _ 1(F) =/, there exists S, | € Sy -1, 3'2) sat-
isfying

(4.6) 1F S, oyl < Qk 4 De fw,_y |18,

n,v-1

Proof. Let M. (&) be the B-splines with respect to {"0 R

s Ilk_v_1'1/}7

that is M gbk v ly(r(") 52; Fa O_<_z§mn—k+v. where
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Gp_p1, =0, x<u,
wu(")f’: wv+1(§1)f,_§lwu+z(§2)
--J“fk—v_zwk-l(fk-l/—l) dfk-v_l ...dgl, x>t

As usual, M, , is nonnegative on [0, 1], vanishes outside of [x(") (’)‘f,)c ) and
JoM (t)dt = 1
Now let
()
(4.7) a. _J( (/(z) S, ,dt, j=1,--,m,
and set
mn-k+1/

48) s, @=w, s, Odrw, ) X af M0
j=0

From (4.2), one easily verifies that S_ ,_, €8 -1,8 ).

First suppose F (x) has the form'Fl(x) = wv_l(x) f’(‘) f@dr. 1t x €lo, 1],
say x(") <x< x("), then

Fl(x) - Sn’ v l(x) =w,_ 1(x)f:/(l) - Sn’ V(t))dt
mn—k+V

—w,_ I(x) Z aif:Mi,V(t)dt
- j=0

w,_ &) Za + f -5, [()di

(4.9)
i—k+V i ) N
2 a9 - X aifoMi,V(t)dt
7=0 jz=i—k 4V +1

=w,_ ) T as (L (W-s, (O
1 j=i—k+v+l1 ! fxg") ,

-y aiszj’v(t)dt.

j=i—k+v+l

The notation 2 is used to indicate that the upper limit in the sum is to be re-
placed by m -k + v when i>m - k + v. In the second inequality, we have

;v is supported on [x("), ) 1 and fo LDdr=1.

used the fact that M Xy

From the definition of the a’s, ’s, we fmd
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| < f n 17 () - S, Ao)| dt

(4.10) j=i— k+V+1 *i_ k+V
<l = x-S, ) S RIS, e,
Similarly,
i 1
(4.11) fo pd < 3 el k|8 e,
j=i— k+v+1 j=i—k+V+1

Also,

(nl)

i+
(4.12) < f @ -, e <18 e,

f (/ 0)-s, ()t

Using these last three estimates back in (4.9) shows that |F (x) -5, , ()| <
2k + 1) I8 |l lw,_,|l- Since x was arbitrary

(4.13) IFy =S, o1l @k +De, flw,_, Il 118,

Finally, if F is any function such that DV__I(F) =f, then F=F, + Cw,_,,
with C a constant, and thus the spline S, v_1t+Cw,_, provides the desired

estimate (4.6).

Lemma 5. Suppose f € Clo, 1], Dk-l(/) € L . Then, there exists a sequence
of splines (S k-1 ), with S w1 € Sk -1, 5,‘) such that |f - S_ el <
llw _1” "8 I "Dk 1(/)“

Proof. From our assumptions, we have f(x) = Cw, _,(x) +w, _,(x) [5 D, _ (Xt)dt
with C a constant.
Define . k=1 by

o1l = Cup_ () s, f D, (o),

xE[xl.,x ),i=0,+--,m —1.

i+l

)

Then, for x € [xi, X

6= 5, o = [ O T Dy (0| < Ty 118,10,

Since x is arbitrary, |f - Sn,k—l" Slwy _ 181 "Dk-l(/)"w as desired.

Theorem 3. Let (3)) be a sequence of sets of knots with 8,1l — 0. 11 0<
a <k and [ € Cl0, 1] with cok(/, t) = 0(t™), t — 0, then there exists a sequence
of splines (S ) with S_€8(0,8 )¢ 85 ) n Cc*~?[0, 11 such that
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(4.14) IF =S, It=008,11") (n— o).

In particular,

(4.15) Es ()=0(5 %) (n— ).

Proof. First suppose that wk(/, £) = 0(t*) so that f*~1) is absolutely con-
tinuous and Lf €L _. Let F=D, .-+, DO(/) Then, D (F) =LfeL_ and
therefore from Lemma 5, there exist splines Sn g1 € Sk - 1 8 ), n=1, 2,
with ||F - Sn,k—l“ w4 ||8n|| [L,,- Now, we use the reducnon lemma re-
peatedly to find that there are splines Sn,o e 30, Sn), n=1,2,..., with

I =S, oll < gl - lw,_ @R+ D*= L7 ) 15, 11*

(4.16)
<CILf NS, N5, m =1, 2,

with C an absolute constant. This proves the theorem for a = k.
To establish the theorem for 0 < @ < k, we use an intermediate space tech-
nique. If / € C[0, 1] and € > 0, there is a function f, € C*)[0, 1] for which

(4'17) ”/ - /6” S Clwk(/9 f)’

(4.18) 1) < Cre®w,(f, 6, j=0, -, k

I ’

with C, and C, constants depending only on k. For a proof of this fact, we re-
fer the reader to the paper of G. Freud and V. Popov [2]. Freud and Popov have
only stated (4.18) for the case j =k but the estimate for other values of j is im-
mediate from their explicit construction of f.

Now, suppose f € C[0, 1] and 0< a <k with

(4.19) w,(f, 1) < M2,
For n a positive integer take ¢ =€ =0 | in (4.17) and (4.18). The function
/e has /(k 1)absolutely contmuous and L/ € L_. In fact, if we express the

operator [ as L = Zk 0 & (x)D’e D = d/dx, with a e clo, 11, j= o0, , k, then
by using (4.19) it follows that

@200 I <€y sup 1D <C o tolf ) < C s ™,

O<j<k

with C; and C, constants independent of 7.
Let S be a spline in s(o, 3n) for which

a
(4.21) I, =S, < €€ e

The existence of such a spline is guaranteed by the first part of our proof because
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of the estimate (4.20). Therefore, for n=1,2, -+, [If =S I <lf =/ I+ /-

S | < C1M5a+ CC4Mc°’< C. |16 ||* where the term ||f - /. || was estimated by
n'l - n n— 5""n €,
(4.17). This completes the proof of the theorem.

5 The saturation class for algebraic polynomial splines with equally spaced
knots. In this section, we suppose that the E.C.T. system is ordinary polynomials,
ie., ul.(t) =1, i=0,+++, k=1, and the knots are equally spaced (6, = fi/ni?zo).
In this case, it is possible to give a more precise characterization of the satura-
tion class. We let En(/) = Egn(f).

Theorem 4. For algebraic polynomial splines with equally spaced knots, the

following two statements are equivalent for [ € C[0, 1]

M
1 ‘ lim n*E_(f)=272k+1 2,
G-1) n—oo " f k!
(5.2) [ *=1) is absolutely continuous {*) € L and H/(k)noo =M.

Proof. The proof is based on a well-known theorem of S. Bernstein (see G.
Meinardus [7, p. 78]), which states that if g € C[- 1, 1], with g(k’l) absolutely
continuous on [ 1, 1] and g®’ € L_[- 1, 1] then there exists a polynomial P of

degree <k -1 for which
(5.3) lg-PIl-1, 11 <|IT =1, 17 - g™ [-1, 11 = @=*+1/k0)jg® ) [- 1, 1]
where ?k is the normalized Chebyshev polynomial

(5.4) "T\:k(x) = (2'k+l/k!)cos(k arc cos x) = xR/BV 4 ...,

(k)

This result is usually only stated for g*®’ continuous but is routinely extended

to the general case g(k) € L by approximating g by k times continuously dif-
ferentiable functions g, with ||g£,k)”[— 1, 1]1< ||g(k)|l°°[~ 1, 1].

We know from our inverse theorem (Theorem 1) that En(/) = 0(n™*) if and only
if /(k‘l) is absolutely continuous and /(k) € L . For this reason, it will be
enough to show that (5.2) implies (5.1). The other direction follows from Theorem
1 and the fact that (5.2) implies (5.1).

We first wish to show that (5.2) implies

. -2k+1M
(5.5) im n*E_(/) < 2 )

n-—00 k!

This is an easy consequence of (5.3). For each 0<i<n -1, there is a poly-

nomial P, = of degree at most & — 1 for which
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(5.6) If = P, i/, G+ 1/n] <2725+ M/mRke

Here, (5.6) is a restatement of (5.3) for the interval [i/n, (i + 1)/n] as obtained
via the usual transformation of [i/n, (i + 1)/n] to [~ 1, 1] and back again. Thus,
the spline S 65(8 ) defined to be P, on [i/n, (i+1)/n), i=0,-
gives the estimate E ([‘ <|f - S, ilo, 1] < 27 2k+1M/nk k1 which, of course, shows
(5.5).

We will now show that (5.2) implies that

e,n—1,

-2k+1
(5.7) lim n*E ()2 M

7 —00

which will complete the proof of the theorem. Suppose (5.2) holds but

. 2-2k+ly!
(5.8) lim n*E_ () =

n -0 k!

with M <M. We will show that (5.8) implies the existence of a polynomial Q of
degree at most k£ — 1 for which

(5.9) | Mx®/kt — QG|I[- 1, 1] < 2=%+Ipm/k1.

This will contradict the well-known minimality [7, p. 78] property of the Cheby-
shev polynomial T of having the smallest norm among all polynomials of degree
k with leading coefﬁcient 1/k1.

Let (n.)'be a subsequence for which l1m oo

; n*E (f) =272k IM'/k1. For
= 273k+1(M - M"), choose N so that for n; > N !
(5.10) nfE,,j(/) <272k (M' L /R

Since H/(k‘)llw =M, there is a point x for which /(k)(xo) > M —¢/2. Here, we may
have to work with —/ in place of [ in order to have the inequality read in the

direction we want. There is a 6 > 0 such that

(5.11) (M=) —x0) </ ®=D) — f =Dl ) < M(x — x),  for x, < x <xq + 5.
If we integrate the inequality (5.11) & — 1 times, we find
(M = )x = x)2/k < [x) = [ (xg) = g )x = x,)
= (R DG ) x VTR

< Mlx —Xo)k/k!, for xq <x <xy + 0.

This last inequality shows that there is a polynomial P, of degree <k -1 such
that for each 0< <&
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(5.12) [Mx®/k! = [ () = Py()|Tx g, x o + 1) < ent /AL

Now, choose n 2 min(N, 26~ 1). Then, for some 0< i< - 1, we have
[i/nj, G+ 1)/”,‘] C [xo, X+ 2/12].] < [xo,,xo + 8], Taking 7= 2717’.'1 in (5.12)

gives
(5.13) |Mx*/k ~ () = Py GGi/7, G+ D/ ) < 2k/nkk1.

Since E_ () < 2= 2k+l(p' & e\/nfk!, there is a polynomial P, of degree at most
k-1 such

(5.14) If ) = PG/, G+ D/m ) <27 2R+ /nbkl.

Using (5.14) in (5.13) gives

(5.15)

[L, i+1]< 2= 2k+lyt ok+l, <2"2"+1M

M k
P - )

+
. - k k k
nypoon; nj/e! n].k! n]./e!

where in the last inequality we have used our choice of €. Finally, P, - P, is
a polynomial of degree <k — 1 and so transforming (5.15) to the interval [-1, 1]
establishes the existence of the polynomial Q in (5.9). The proof is complete.
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